In computational analysis of piezoelectric laminates which may comprise piezoelectric and nonpiezoelectric plies, the transverse electric field is often assumed to be piecewise constant along the transverse direction. This conventional assumption may lead to significant errors unless the piezoelectric ply is considerably thinner than the overall thickness of the laminate. To this end, two alternate assumptions termed EL and DC on the spatial distributions of the electric variables are proposed. In EL, the transverse electric field is taken to be piecewise linear along the transverse direction. In the DC assumption, the transverse electric displacement is taken to be piecewise constant along the transverse direction. The rationales leading to the proposed assumptions are discussed. Numerical examples indicate that the proposed assumptions are markedly more accurate than the conventional one. However, EL becomes inaccurate when its piecewise function spans more than one ply. In this light, DC often consumes less electric potential d.o.f.s and is more efficient than EL.
INTRODUCTION
Piezoelectric laminates comprise perfectly bonded piezoelectric and, probably, non-piezoelectric (conducting-elastic and dielectric-elastic) plies. Typical examples of piezoelectric laminates are bimorphs and "smart" plates fabricated for shape and vibration control. Like most engineering problems, analytical solutions for piezoelectric laminates are limited to simplistic cases. To this end, various lamination models suitable for computational implementation have been proposed. The most natural and straight forward approach is the one based on the fully layerwise formulation in which all the primary variables, namely, the displacement and electric potential, are piecewisely approximated within each ply and their continuities are maintained at C 0 at the ply-to-ply interfaces (Ha et al 1992; Heyliger et al 1994; Tzou et al 1994; Tzou & Ye 1996; Sze & Pan 1999; . Its drawback, however, is that the computational cost increases rapidly with the number of plies.
In the analysis of conventional or non-piezoelectric laminates, it is popular for the sake of reducing computational cost that various plate theories with (smooth) through-thickness variation of the displacement are employed (Lo et al 1977; Reddy 1984; Noor & Burton 1989; .
Following the same philosophy, it is often seen in the analysis of piezoelectric laminates that through-thickness approximation is adopted for some primary variables whereas layerwise approximation is retained for the others. In this context, Heyliger et al (1994) and Trindade et al (2001) employed the through-thickness approximation for the transverse deflection whereas the inplane displacement and the electric potential are layerwisely approximated. Chee et al (2000) employed the second and third orders through-thickness approximations for the transverse and inplane displacements, respectively. The electric potential is layerwisely approximated. Almajid et al (2001) and Sheikh et al (2001) adopted respectively the Kirchhoff plate theory and the first order Mindlin plate theory for approximating the displacement. Again, the layerwise approximation is adopted for the electric potential. To further reduce the computational load, some researchers even disregard the in-plane electric field components in computing the electromechanical energy (Lammering 1991 , Trindade et al 2001 .
A note-worthily observation common to the afore-reviewed work is that the electric potential is assumed to be piecewise linear along the transverse direction. The assumption leads to a piecewise Constant transverse Electric field component along the transverse direction and, thus, is abbreviated as EC. As the transverse electric field is discontinuous at the interfaces of dissimilar plies and cannot be reasonably mimicked by through-thickness approximations of the electric potential, the assumption appears to be natural and computationally most efficient. Unfortunately, it may lead to significant errors unless the piezoelectric ply is considerably thinner than the overall thickness of the laminate. On the other hand, very few researchers have employed nonlinear layerwise approximations for the electric potential (Yang 1999; Fernandes & Pouget 2001) .
In this paper, two electric assumptions on the spatial variations of the electric variables are
proposed. The first one is straight forward and is obtained by enhancing EC with quadratic variation of the electric potential along the transverse direction. It leads to a piecewise Linear transverse Electric field along the transverse direction and, thus, is abbreviated as EL. The second assumption, abbreviated as DC, assumes the transverse electric Displacement to be piecewise Constant along the transverse direction within the same electric stack. The latter is defined as a block of nonconducting plies and ply-to-ply interfaces sandwiched by a pair of electric gauge levels over which the electrode potential is either prescribed or tapped. The rationales leading to the proposed assumptions are discussed. After combining with the Mindlin plate theory, various electric assumptions are put into computational trials. When the piecewise function span only one ply, the proposed assumptions are close in accuracy and are more accurate than EC. However, EL becomes inaccurate when its piecewise function spans more than one ply. As an electric stack can comprise several plies, DC often consumes less electric potential d.o.f.s and can be significantly more efficient than EL.
Kinematics of the Mindlin Plate Theory
The displacement approximation of the Mindlin plate theory is through-thickness and can be 
where 's and ␥ are independent of z. The transverse normal stress and strain components are dropped from the constitutive relation by assuming the plane stress condition along the z-direction.
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Constitutive Relation and Electromechanical Energy
The functional requirement of piezoelectric laminates often, if not always, requires the piezoelectric plies to be poled along the transverse direction. With the poling direction along the z-axis and the remaining material principal directions aligned with the x-and y-axes, the following form of constitutive rule covers a wide range of piezoelectrics: 
where σ's, τ's, D's and φ denote respectively the normal stress components, shear stress components, electric displacement components and the electric potential. Moreover, c's, e's and κ's are respectively the elastic, piezoelectric and permittivity coefficients. By incorporating the plane stress condition (σ z = 0) along the transverse direction, (2) reduces to: 2  11  13  33  12  13 23  33  2  12  13 23  33  22  23 
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Hence, the electromechanical energy U per unit planar area of the laminated plate defined by z ∈ [z 0 ,
z n ] can be expressed as:
in which A denotes the planar area. Figure 1 shows a corner of a laminated piezoelectric plate. Electric gauge levels at which the electric potential are either tapped or prescribed are defined at z = z 0 , z 1 , …, z n . Using the conventional piecewise linear assumption of the electric potential along the transverse direction, the electric potential between z = z j-1 and z j is interpolated as:
Piecewise Constant Transverse Electric Field (EC) Assumption
and thus, By substituting (1) and (6) into (4), the problem can then be computationally pursued by the electromechanical virtual work principle (EerNisse 1967; Allik & Hughes 1970) . As the core assumption here is a piecewise Constant transverse Electric field, it will be termed as EC.
Piecewise Linear Transverse Electric Field (EL) Assumption
Let L denote the nominal side length of the plate, the ratio of the spatial derivatives of the electric potential can be estimated as:
It is also known for shear deformable plates that (8) : : : :
: : : : (7) and (8) 
where . On the other hand, the fundamental deformation modes of plates are the stretching and flexural modes in which the in-plane strains ε x y ε ≈ ε ≈ ε ≈ ε x , ε y and γ xy are linear functions of z. Hence, and also from (9), the pointwise satisfaction of the charge conservation equation:
, ,
requires the electric potential to be a quadratic function of z. Thus, the piecewise linear assumption of electric potential in (6) is prone to error. To this end, the linear interpolation in (6) 
N N − vanishes at z j and z j-1 such that φ j and φ j-1 still represent the electric potentials at z j and z j-1 , respectively. By substituting (1) and (11) into (4), an expression on the electromechanical energy per unit planar area can be obtained. Again, the problem can be computationally pursued by the electromechanical virtual work principle. As the transverse Electric field along the transverse direction is piecewise Linear, the present assumption is termed as EL.
Piecewise Constant Transverse Electric Displacement (DC) Assumption
Further to the ratio among different electric displacement components given in (9), one can also get: 2 2 , : , : , / : / : / : :
The above expression suggests the following approximation to (10):
for h 2 /L 2 >> 0 or, equivalently, moderately thick plates. In other words, the transverse electric displacement is approximately piecewise constant along the transverse direction. Within an electric stack (defined as a block of non-conducting plies and ply-to-ply interface sandwiched by a pair of electric gauge levels over which the electrode potential is either prescribed or tapped), the continuity of the electric charge area density at ply-to-ply interfaces implies that D z is C 0 at the interfaces. Consequently, D z is approximately constant along the transverse direction within the same electric stack. To realize (13) in the electromechanical energy calculation, a piecewise constant D z is first assumed:
in which Λ has been defined in (6). By changing equation objects, the first relation in (3) is rewritten as:
where , and
It should be remarked that
for conductors. From (1), (14) and (15) 
By changing equation objects, (17) can be rearranged as:
where C is self-defined. For conductive plies sandwiched by two consecutive gauge levels, the equal-potential condition can be realized by deleting the pertinent row(s) and column(s) in C. By invoking (14), the electromechanical energy per unit planar area of the plate can be manipulated as:
Finally, the in-plane derivatives of the electric potential or are computed by taking the derivatives of the piecewise linear interpolated φ at successive gauge levels as in the EC model (see (6)). Again, the problem can be computationally pursued by the Ritz method and the electromechanical virtual work principle (EerNisse 1967; Allik & Hughes 1970) . As the core assumption here is a piecewise Constant transverse electric Displacement along the transverse direction, it is termed as DC.
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Some researchers chose to ignore the in-plane derivative of the electric potential (Almajia 2001 , Lammering 1991 Trindade et al 2001) . The practice is sensible by virtue of the estimated ratio in (7). As a result, (4) can be simplified to:
By adopting the same simplification, (19) becomes:
in which the variation of the electric potential along the transverse direction is no more required.
Examples on Laminated Piezoelectric Beams with Conductive Electrodes
In this section, simply-supported piezoelectric laminated beams with conductive electrodes will be attempted by using EC, EL and DC presented in the previous sections. Aspect ratios of the beams are chosen to be 10 which is typical for moderately thick beams. Ritz method will be employed in the electromechanical virtual work principle (EerNisse 1967 , Allik & Hughes 1970 and the trial solutions of u i 's and φ are polynomials of the longitudinal coordinate x. Again, the number of electric gauge levels is denoted by n. The piezoelectrics being considered is PZT-4 due to its popularity. When SI units are used to express its constitutive coefficients, the ratio of the most extreme non-zero coefficients can be as large as 10 20 which may cause considerable round-off errors in 8-byte or double precision computation (Sze et al 2001) . To avoid the error, the default units used for length, force, stress, charge, electric displacement and electric potential are taken to be mm, N, N/mm 2 , pC, pC/mm 2 and GV, respectively. In this light, the non-zero constitutive coefficients of PZT-4 are (Park & Sun 1995) : 6.00 10 κ = κ = × , (in pC/(GVmm)). 
As the supporting and electromechanical loading conditions to be considered are symmetric with respect to x, the following displacement trial solution can be assumed:
where ξ = x/a, a is the half length of the beam, I 2 is the second order identity matrix and ␤'s are vectors of coefficients. Besides the uniform electric potentials at the electrodes, the electric potential at the remaining gauge levels φ j 's and all electric potential enhancement 's employed in j b φ the EL (see (11)) are taken to be:
where 's and 's are coefficients to be determined. Furthermore, the m's in (24) and (25) 
Homogeneous Piezoelectric Beam with Two Electrodes
The homogeneous 10×1 mm piezoelectric simply supported beam with electrodes at z = ±h/2 is subjected to end bending moments, see Figure 2a . With the lower electrode earthed, the analytical solution can be derived to be: Table 1 shows the midspan predictions with two gauge levels or n = 2. Both EL and DC reproduce the exact solution. EC is erroneous in both the deflection and electric displacement. 
where sgn(z) returns the sign of z. From the solution and the constitutive relation, Table 2 for n = 2. Since the predicted quadratic z-terms of the electric potential in EL (see (11)) is zero, the electric potential yielded by EC and EL are identical.
Despite of the piecewise quadratic distribution of the electric potential, DC reproduces the exact solution. EL can also reproduce the exact solution if an additional gauge level is set at z = 0. 
Bimorph Beam with Three Electrodes
In this problem, a differently configured 10×1 mm bimorph beam is considered. Besides the electrodes at z = ±h/2, there is also an electrode at z = 0. Moreover, both the upper and lower halves of the bimorph is poled upward. The following equal-potential conditions are prescribed: 
By ignoring the localized boundary effect, the analytical solution is derived as: 
from which and the constitutive relation, 
∫
Compared to the bimorph with two electrodes, the present bimorph produces the same actuated deflection for only half of the electric potential difference. It can be seen in Table 3 that all the analytical midspan solutions and numerical solutions of EC and DC are the same as that in Table 2 .
With three gauge levels, the predictions of both EL and DC are exact. EC is erroneous. 
Functionally Graded Piezoelectric Beam
It is well-known that stress concentrations appear at the interfaces of dissimilar materials. The major advantage of functionally graded material is that the material properties change less abruptly so as to reduce the stress concentrations. The beam to be considered here comprises four piezoelectrics plies of equal thickness, see Figure 2b . Its overall dimension is 100×10 mm. Through the two electrodes, the following electric loading is prescribed:
The midspan deflection and electric potential are listed in Table 4 whereas the midspan inplane stress and transverse electric displacement are portrayed in Figures 3 and 4 . The predictions are contrasted with the highly converged finite element solutions obtained by using 39×16 ABAQUS's eight-node plane piezoelectric element. After removing the electric loading, the lower electrode is earthed and beam is loaded with the following vertical distributed force:
Noteworthily, the Mindlin plate theory does not take the transverse normal strain into account. To enable a meaningful comparison of the finite element predictions with those yielded by various plate-based electric assumptions, the above line force is dispersed as a body force in the finite element computations. This practice will be adopted in all subsequent examples. Table 5 (24) and (25), using which the number of electric potential d.o.f.s including those of the electrodes are 2, 20, 8, 44, 2 and 20 respectively for EC (n = 2), EC (n = 5), EL (n = 2), EL (n = 5), DC (n = 2) and DC (n = 5). Table 6 lists the predictions of EC (n = 5) and EL (n = 5) for the case of mechanical loading by keeping m = 5 for the displacement but setting m = 0 for the electric potential. Though the number of electric potential d.o.f.s drops to 5 and 9 for respectively EC and EL, the converged solutions deviate a lot from that in Table 5 . This illustrates the importance of the x-direction expansion of the electric potential in the problem. 
Examples on Piezoelectric Piezoelectric Beams subjected to Sinusoidal Loading
In this section, the popular simply-supported beam problems subjected to sinusoidal loads are considered (see, e.g., Lo et al 1977 , Heyliger et al 1994 , Chee et al 2000 , Seikh et al 2001 and Trindade et al 2001 . Common to these problems, the exact displacement and electric potential solutions can be expressed as: 
Provided that the boundary conditions are admissible in (35) and (36), it is rather trivial to show that the remaining ply-to-ply interfacial, stress equilibrium and charge conservation conditions either are automatically satisfied or are ordinary differential equations of U(z), W(z) and Φ(z).
Though it is still not trivial to solve U, W and Φ analytically, they can conveniently be solved numerically by one-dimensional finite element formulation. To this end, the employed trial solutions for z∈[z j ,z j+1 ] between two consecutive ply-to-ply interfaces at z = z j and z j+1 will be taken as:
j-1 and z = z j whereas ␣'s are the coefficient vectors of the bubble modes which vanish at z = z j-1 and z = z j . The bubble order m is increased until the predictions between two consecutive m differ by less than 0.3%.
With reference to parametric form of the exact solutions in (35), the trial displacement and electric potential at the gauge levels to be used in the EC, EL and DC are taken to be:
where W 0 , U 0 , U 1 and Φ j 's are scalar coefficients to be solved. Similar predictions as considered in the last section will be reported. As the in-plane stresses in the non-piezoelectric plies yielded by all electric assumptions are within 1.0% of the converged finite element solutions, they will be not be reported for conciseness.
Homogeneous Piezoelectric Beam with Two Electric Gauge Levels
The conductive electrodes of the homogeneous piezoelectric beam in Section 7.1 are replaced by gauge levels. With the lower level earthed, the following distributed vertical force is applied: Table 7 lists the midspan predictions under the mechanical loading q. The deflection predicted by EC is most erroneous. Though the percentage errors of the electric potentials predicted by EC and DC at A are large, the absolute errors compared to 29 V which is the approximate electric potential at z = 0 is rather small. 
Bimorph Beam with Two Gauge Levels
The two electrodes in the bimorph beam in Section 7.2 are replaced by two gauge levels which are prescribed with:
The computed results are listed in Table 8 . After removing the electric loading, the lower level is earthed and the beam is subjected to the mechanical loading stipulated in (39). Table 9 list the midspan predictions. DC is most accurate. Same as Section 7.2, the predictions of EL will be very close to that of DC if an addition gauge level is set at z = 0. 
Bimorph with Three Gauge Levels
The three electrodes in the bimorph beam in Section 7.3 are replaced by three gauge levels and the middle one is earthed. The other two levels are prescribed with:
The computed results are listed in Table 10 . After removing the electric loading, the beam is subjected to the mechanical loading given in (39). Table 11 lists the midspan predictions. EC is least accurate whereas EL and DC are very close in accuracy. 
The computed results are listed in Table 12 . After removing the above electric loading, the beam is subjected to the mechanical loading given in (39). Table 13 list the predictions. Since the thickness of the piezoelectric ply is only one-sixth of the overall thickness, EC is relative more accurate compared to itself in the previous examples. Nevertheless, EL and DC are still distinctively more accurate as seen in the stress predictions. 
The predictions are listed in Table 14 . After removing the electric loading, the beam is subjected to the mechanical loading given in (39). The predictions are presented in Table 15 . The thickness of the piezoelectric ply is only one-seventh of the overall thickness. EC is marginally more accurate in the deflection and electric potential than EL and DC. Nevertheless, EL and DC are still markedly more accurate in the stress predictions. 
Functionally Graded Piezoelectric Beam
With the electrodes replaced by electric gauge levels, the functionally graded piezoelectric beam in Section 7.4 is considered. Again, two (n = 2) and five (n = 5) gauge levels are employed. The electric loading given in (42) is applied. The midspan deflection and electric potential are listed in Table 15 whereas the inplane stress and transverse electric displacement are plotted in Figures 8 and 9, respectively. After removing the electric loading, the beam is subjected to the mechanical loading given in (39). The midspan deflection and electric potential are presented in Table 16 whereas the inplane stress and transverse electric displacement are plotted in Figures 10 and 11, respectively. EL (n = 5) and DC (n = 5) are most accurate whereas EC (n = 2) and EL (n = 2) are 
f.e. 
Closure
In computational analysis of piezoelectric laminates, the transverse electric field is often assumed to be piecewise constant along the transverse direction. It is first argued that the transverse Electric field is essentially piecewise Linear along the transverse direction. Based on the argument, EL is proposed. As the electric field is not continuous at the interface of dissimilar plies, each piecewise function in EL should span only one ply. It is then argued that the transverse electric Displacement is essentially Constant along the transverse direction within a stack of plies inside which there is no free charge-flow. Based on the argument, DC is proposed. The analytical or highly converged finite element solutions are supportive to the argument leading to DC. As the piecewise function in DC can span more than one ply, it is computationally more efficient than EL in general.
The computational advantage of DC is most advantageous in modeling practical laminated piezoelectric plates in which the piezoelectric plies are sandwiched by conductive electrodes. In these structures, the only needed electric potential d.o.f.s in DC are the electric potential of the electrodes. To deliver similar accuracy, both the conventional assumption and EC require extra electric gauge levels set at ply-to-ply interface. The worst is that electric potential at these extra gauge levels and the electric potential enhancements in EL are functions of the in-plane coordinates.
The pertinent expansion of the electric potential leads to a large number of electric potential d.o.f.s.
The computational efficiency of DC can be further improved by dropping the electromechanical arising from the in-plane components of the electric field (see (21)). With these components taken to be zero, the accuracy of DC in laminated piezoelectric plates with conductive electrodes remain essentially intact. 
